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Question 1

𝑃𝑄𝑅𝑆 is a quadrilateral, labelled anticlockwise.

Which one of the following is a sufficient but not necessary condition for 𝑃𝑄𝑅𝑆 to be a parallelogram?

A 𝑃𝑅 and 𝑄𝑆 bisect each other

B 𝑃𝑄 = 𝑄𝑅 = 𝑅𝑆 = 𝑆𝑃

C ∠𝑃 + ∠𝑅 = 180∘ and ∠𝑄 + ∠𝑆 = 180∘

D 𝑃𝑅 bisects 𝑄𝑆
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Question 2

A student chooses two distinct real numbers 𝑥 and 𝑦 with 0 < 𝑥 < 𝑦 < 1.

The student then attempts to draw a triangle 𝐴𝐵𝐶 with

𝐴𝐵 = 1,
cos 𝐴 = 𝑥,
cos 𝐵 = 𝑦

Which of the following statements is/are correct?

I: For some choice of 𝑥 and 𝑦, there is no such triangle.

II: For some choice of 𝑥 and 𝑦, there is exactly one such triangle.

III: For some choice of 𝑥 and 𝑦, there are exactly two such triangles.

Note that congruent triangles are considered to be the same.

A none of them

B I only

C II only

D III only

E I and II only

F I and III only

G II and III only

H I, II and III
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Question 3

We say an integer 𝑥 divides an integer 𝑦 and write 𝑥 ∣ 𝑦 if there exists an integer 𝑘 such that 𝑦 = 𝑘𝑥
Let 𝑎, 𝑏, 𝑛 be positive integers. Let (∗) the statement

(∗) 𝑛 ∣ 𝑎𝑏

Let C be the statement:

For every prime 𝑝 with 𝑝 ∣ 𝑛, either 𝑝 ∣ 𝑎 or 𝑝 ∣ 𝑏
This condition 𝐶 is:

A necessary but not sufficient for (∗)

B sufficient but not necessary for (∗)

C necessary and sufficient for (∗)

D neither necessary nor sufficient for (∗)
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Question 4

Let 𝑛 > 1 be an integer. Consider the property 𝑃(𝑛):
For all integers 𝑎, 𝑏, if 𝑛 ∣ 𝑎𝑏 then 𝑛 ∣ 𝑎 or 𝑛 ∣ 𝑏.

Which of the following is correct?

A 𝑃(𝑛) holds if and only if 𝑛 is prime

B 𝑃(𝑛) holds if and only if 𝑛 is squarefree

C 𝑃(𝑛) is sufficient but not necessary for 𝑛 to be prime

D 𝑃(𝑛) holds if and only if 𝑛 is a prime power

E 𝑃(𝑛) holds if and only if 𝑛 has at most two distinct prime factors
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Question 5

Let 𝑃(𝑛) be a statement about integers with the following properties:

𝑃(1) and 𝑃(2) are true;

for all 𝑛 ≥ 1 the following statement is true: (𝑃 (𝑛) and 𝑃(𝑛 + 1)) is sufficient for 𝑃(𝑛 + 2)
What is the strongest conclusion that necessarily follows?

A 𝑃(𝑛) is true for all 𝑛 ≥ 1

B 𝑃(𝑛) is true for all sufficiently large 𝑛, but not necessarily for all 𝑛

C 𝑃(𝑛) is true for infinitely many 𝑛, but not necessarily for all 𝑛

D 𝑃(𝑛) is true for all odd 𝑛 but not necessarily for all even 𝑛

E 𝑃(𝑛) is true for all even 𝑛 but not necessarily for all odd 𝑛

F No general conclusion can be drawn beyond 𝑃(1) and 𝑃(2)
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Question 6

Let real numbers 𝑥 and 𝑦 satisfy |𝑥| + |𝑦| = 1. What is the maximum possible value of 𝑥 − 2𝑦?

A 2

B
√

5

C 5
2

D 3
2

E
√

10
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Question 7

Let 𝑃 and 𝑄 be statements. Suppose exactly one of if 𝑃 then 𝑄 and if 𝑄 then 𝑃 is true, and also 𝑃 or
𝑄 is true. Which statement must be true?

A 𝑃 and 𝑄 is true

B Exactly one of 𝑃 and 𝑄 is true

C Both 𝑃 and 𝑄 are false

D if ¬𝑃 then ¬𝑄 is true

E 𝑃 if and only if 𝑄 is true
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Question 8

For 𝑎 > 0 with 𝑎 ≠ 1, consider the equation log𝑎 𝑥 = 𝑥 for 𝑥 > 0. The number of positive solutions is

A exactly one if 0 < 𝑎 < 1, two if 1 < 𝑎 < 𝑒1/𝑒, one if 𝑎 = 𝑒1/𝑒, and none if 𝑎 > 𝑒1/𝑒

B exactly two if 0 < 𝑎 < 1, one if 𝑎 = 1, and none if 𝑎 > 1

C exactly one for all 𝑎 > 0, 𝑎 ≠ 1

D none if 0 < 𝑎 < 1, one if 𝑎 = 𝑒1/𝑒, and two if 𝑎 > 𝑒1/𝑒

E none if 𝑎 > 1, and exactly one if 0 < 𝑎 < 1
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Question 9

For real parameter 𝑡, consider the equation

log3 𝑥 + log𝑥 3 = 𝑡

with 𝑥 > 0 and 𝑥 ≠ 1. The number of positive solutions 𝑥 is

A two if |𝑡| > 2, one if |𝑡| = 2, and zero if |𝑡| < 2

B one if 𝑡 > 0, and zero if 𝑡 < 0

C zero if 𝑡 > 2, one if 𝑡 = 2, and two if 0 < 𝑡 < 2

D one for all real 𝑡

E two if 𝑡 < −2, zero if 𝑡 > −2, and one if 𝑡 = −2
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Question 10

𝐴𝐵𝐶𝐷 is a quadrilateral, labelled anticlockwise.

Which one of the following is a sufficient but not necessary condition for 𝐴𝐵𝐶𝐷 to be a rectangle?

A Both pairs of opposite sides are parallel and one interior angle is 90∘

B All four sides are equal and one interior angle is 90∘

C The diagonals are equal

D Opposite angles sum to 180∘
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Question 11

Given that 𝑥2
4 + 𝑦2 = 1, what is the greatest possible value of 3𝑥 + 4𝑦?

A
√

13

B 5

C
√

50

D 2
√

13

E 7
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Question 12

Fix distinct real numbers 𝑎 ≠ 𝑏 with 𝑎 < 𝑏. Consider the equation

|𝑥 − 𝑎| + |𝑥 − 𝑏| = |𝑎 − 𝑏|

Which of the following describes the complete solution set for 𝑥?

A 𝑥 = 𝑎+𝑏
2

B 𝑥 = 𝑎 or 𝑥 = 𝑏

C all real 𝑥 with 𝑎 ≤ 𝑥 ≤ 𝑏

D all real 𝑥

E no real solutions
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Question 13

Consider the statement (∗) about a real number 𝑥:

There exists a real number 𝑦 such that |𝑥 + 𝑦| < 𝑦.

Which one of the following describes all real values of 𝑥 for which (∗) is true?

A no values of 𝑥

B exactly one value of 𝑥

C all real 𝑥 with 𝑥 < 0

D all real 𝑥 with 𝑥 > 0

E all real values of 𝑥

F all real 𝑥 except exactly one value
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Question 14

Let 𝑎 be a real number. The equation

|𝑥 − 1| + |𝑥 + 1| = 𝑎

has exactly 𝑘 distinct real solutions for 𝑥.

Which one of the following is the complete list of all possible values of 𝑘 as 𝑎 varies over the real numbers?

A 0 only

B 0, 1

C 0, 2

D 1, 2

E 0, 1, 2

F 2 only
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Question 15

Consider the following statement about a polynomial 𝑝(𝑥) with real coefficients:

(∗) If 𝑝(𝑛) is even for every integer 𝑛, then every coefficient of 𝑝(𝑥) is even.

Which one of the following is a counterexample to (∗)?

A 𝑝(𝑥) = 𝑥2 + 𝑥

B 𝑝(𝑥) = 2𝑥2 + 4

C 𝑝(𝑥) = 2𝑥2 + 𝑥

D 𝑝(𝑥) = 4𝑥3 + 2𝑥
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Question 16

Consider the following statement about irrational numbers:

(∗) If 𝑥 and 𝑦 are irrational numbers, then 𝑥 + 𝑦 is irrational.

Which of the following pair(s) (𝑥, 𝑦) provide(s) a counterexample to (∗)?
I: 𝑥 =

√
2, 𝑦 =

√
2

II: 𝑥 =
√

2, 𝑦 = 3
III: 𝑥 = 1 +

√
2, 𝑦 = 1 −

√
2

A none of them

B I only

C II only

D III only

E I and II only

F I and III only

G II and III only

H I, II and III
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Question 17

We say a real function 𝑓(𝑥) is continuous at a point 𝑥0 ∈ ℝ if

for all 𝜀 > 0 there exists 𝛿 > 0 such that for all 𝑥 ∈ ℝ, if |𝑥 − 𝑥0| < 𝛿 then |𝑓(𝑥) − 𝑓(𝑥0)| < 𝜀
Which one of the following statements is true if and only if 𝑓 is not continuous at 𝑥0?

A There exists 𝜀 > 0 such that for every 𝛿 > 0 there exists 𝑥 with |𝑥 − 𝑥0| < 𝛿 and |𝑓(𝑥) − 𝑓(𝑥0)| ≥ 𝜀

B For every 𝜀 > 0 and every 𝛿 > 0 there exists 𝑥 with |𝑥 − 𝑥0| < 𝛿 and |𝑓(𝑥) − 𝑓(𝑥0)| ≥ 𝜀

C There exists 𝜀 > 0 and 𝛿 > 0 such that for all 𝑥 with |𝑥 − 𝑥0| < 𝛿 we have |𝑓(𝑥) − 𝑓(𝑥0)| ≥ 𝜀

D There exists 𝜀 > 0 such that for every 𝛿 > 0 we have |𝑥 − 𝑥0| ≥ 𝛿 or |𝑓(𝑥) − 𝑓(𝑥0)| ≥ 𝜀

E For every 𝜀 > 0 and every 𝛿 > 0 there exists 𝑥 with |𝑥 − 𝑥0| < 𝛿 and |𝑓(𝑥) − 𝑓(𝑥0)| < 𝜀

F There exists 𝛿 > 0 such that for all 𝜀 > 0 and all 𝑥 with |𝑥 − 𝑥0| < 𝛿 we have |𝑓(𝑥) − 𝑓(𝑥0)| < 𝜀

G For every 𝜀 > 0 there exists 𝛿 > 0 such that there exists 𝑥 with |𝑥 − 𝑥0| < 𝛿 and |𝑓(𝑥) − 𝑓(𝑥0)| ≥ 𝜀

H There exists 𝜀 > 0 such that for every 𝛿 > 0 if |𝑥 − 𝑥0| < 𝛿 then |𝑓(𝑥) − 𝑓(𝑥0)| ≥ 𝜀
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Question 18

Let 𝑓(𝑥), 𝑔(𝑥) and ℎ(𝑥) be real functions and consider the statement

(∗) If 𝑥 > 0 and 𝑓(𝑥) ≤ 0 then 𝑔(𝑥) ≠ 1 or ℎ(𝑥) ≥ −1.

Which of the following statements is the contrapositive of (∗)?

A If 𝑔(𝑥) = 1 and ℎ(𝑥) < −1 then 𝑥 ≤ 0 or 𝑓(𝑥) > 0.

B If 𝑔(𝑥) = 1 or ℎ(𝑥) < −1 then 𝑥 ≤ 0 or 𝑓(𝑥) > 0.

C If 𝑥 ≤ 0 or 𝑓(𝑥) > 0 then 𝑔(𝑥) = 1 and ℎ(𝑥) < −1.

D If 𝑔(𝑥) ≠ 1 or ℎ(𝑥) ≥ −1 then 𝑥 > 0 and 𝑓(𝑥) ≤ 0.

E If 𝑥 > 0 and 𝑓(𝑥) ≤ 0 then 𝑔(𝑥) = 1 and ℎ(𝑥) < −1.
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Question 19

We say a sequence of real numbers 𝑥𝑛 is a Cauchy sequence if

for all 𝜀 > 0 there exists a positive integer 𝑁 ∈ ℕ such that for all 𝑛, 𝑚 ≥ 𝑁 we have |𝑥𝑛 − 𝑥𝑚| < 𝜀
Which one of the following statements is true if and only if 𝑥𝑛 is not a Cauchy sequence?

A There exists 𝜀 > 0 such that for every 𝑁 ∈ ℕ there exist 𝑚, 𝑛 ≥ 𝑁 with |𝑥𝑚 − 𝑥𝑛| ≥ 𝜀

B For every 𝜀 > 0 there exists 𝑁 ∈ ℕ and there exists 𝑚, 𝑛 ≥ 𝑁 with |𝑥𝑚 − 𝑥𝑛| ≥ 𝜀

C There exists 𝑁 ∈ ℕ such that for all 𝜀 > 0 and all 𝑚, 𝑛 ≥ 𝑁 we have |𝑥𝑚 − 𝑥𝑛| ≥ 𝜀

D For every 𝜀 > 0 and every 𝑁 ∈ ℕ there exists 𝑚, 𝑛 ≥ 𝑁 with |𝑥𝑚 − 𝑥𝑛| < 𝜀

E There exists 𝜀 > 0 and there exists 𝑁 ∈ ℕ such that for all 𝑚, 𝑛 ≥ 𝑁 we have |𝑥𝑚 − 𝑥𝑛| ≥ 𝜀

F For every 𝑁 ∈ ℕ there exists 𝜀 > 0 such that for all 𝑚, 𝑛 ≥ 𝑁 we have |𝑥𝑚 − 𝑥𝑛| ≥ 𝜀
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Question 20

Let 𝑓(𝑥), 𝑔(𝑥), ℎ(𝑥) and 𝑘(𝑥) be real functions and consider the statement

(∗) If 0 < 𝑥 < 1 and 𝑓(𝑥) > 𝑔(𝑥), then ℎ(𝑥) = 0 or 𝑘(𝑥) ≥ 5.

Which of the following statements is the contrapositive of (∗)?

A If ℎ(𝑥) ≠ 0 or 𝑘(𝑥) < 5 then 𝑥 ≤ 0 or 𝑥 ≥ 1 or 𝑓(𝑥) ≤ 𝑔(𝑥).

B If ℎ(𝑥) ≠ 0 and 𝑘(𝑥) < 5 then 𝑥 ≤ 0 or 𝑥 ≥ 1 and 𝑓(𝑥) ≤ 𝑔(𝑥).

C If ℎ(𝑥) ≠ 0 and 𝑘(𝑥) < 5 then 𝑥 ≤ 0 or 𝑥 ≥ 1 or 𝑓(𝑥) ≤ 𝑔(𝑥).

D If 𝑥 ≤ 0 or 𝑥 ≥ 1 or 𝑓(𝑥) ≤ 𝑔(𝑥) then ℎ(𝑥) ≠ 0 and 𝑘(𝑥) < 5.

E If ℎ(𝑥) = 0 or 𝑘(𝑥) ≥ 5 then 0 < 𝑥 < 1 and 𝑓(𝑥) > 𝑔(𝑥).
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